A quarter-chord flexible beam is attached to a standard NACA0012 airfoil. Unsteady pressure distribution, thrust, and propulsive efficiences of the airfoil-beam-extension combination are studied for different levels of flexibility of the beam and are compared to those of the airfoil without the extension.
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I. Introduction
Advances in micro electronics and micro computers have made the development of micro aerial vehicles (MAV) possible. MAV are small flying machine with wing span of less than 15 cm. Due to the small size of these MAV, they offer the perfect solution for a variety of application from military reconnaissance to the exploration of Mars. An obstacle toward the realization of the widespread use of MAV are the inefficiencies of conventional propulsion mechanism on small scale and problems associated with low Reynolds Number flight. An alternate approach to small scale aerial propulsion is the use of flapping wings.
Efforts toward the prediction of propulsive thrust for an oscillating airfoil can be traced back to Garrick 3 in 1936. He showed that it was possible to compute the thrust of an airfoil undergoing pitching and plunging motion using potential theory. However, Young, et al. 8 have shown that the thrust coefficient drops significantly from Garrick's prediction if the oscillatory motion of the airfoil generates leading edge separation vorticies. These leading edge vorticies are shed downstream and affect the wake patterns of an oscillatory airfoil. Jones et al. , Lai, and Platzer has shown that the vortex wake pattern of an oscillating airfoil is an indicator upon whether thrust is generated from the oscillatory motion of the airfoil. A common approach to these study of flapping wing propulsion has been the assumption that the propulsive mechanism (the wing) is rigid.
Observation of biological flight suggests that the flexibility of the flapping wing could be an integral part of generating propulsive force on the scale at which MAV operates. Only recently have the effects of flexibility been studied with the work by Heathcote and Gursul. 4 They have shown that a flexible trailing edge can have a noticeable positive effect on thrust generation and that the flexibility of an airfoil is an optimizable parameter in flapping-winged flight.
In the same article as mentioned above, Young, et al. 8 have shown that the flow condition in the trailing edge region can be a dominant factor in terms of thrust generation with flapping flight. The object of this study is to explore whether thrust generation with a rigid airfoil in plunging motion can be improved with the addition of a flexible trailing edge. This flexible tailing edge is simulated as a flexible beam such that the classic unsteady beam equation can be applied. The aerodynamics and structural dynamics will be solved numerically and will be fully coupled to provide time accurate solution to the airfoil geometry and flow solution.
II. Computational Methods
The computational method presented here is a two solver method with a panel-based aerodynamics solver and a finite-difference structure solver. A panel-based method was chosen since such a method can readily accept large deformation of the airfoil shape.
II.A. Unsteady Panel Method Solver
The flow solver used to resolve the flow field around the airfoil and the flexible extension is based on an unsteady panel method first developed by Basu and Hancock, 2 and subsequently used by Jones, et al. 5 and Young, et al. 8 The unsteady panel method assumes potential flow without separation and enforces the kutta condition at the trailing edge. As the lift force on the airfoil changes, the Kelvin Circulation Theorem is enforced by the shedding of vorticies at the trailing edge of the airfoil into the wake. Each of these shedded vorticies are translated at each timestep based on the local velocities as influenced by all other sources and vorticies present at each timestep. For the case of the airfoil with the flexible extension, the kutta condition was applied at the trailing edge of the flexible part of the airfoil instead of the trailing edge of the rigid airfoil. The location at which vorticies are shed has been moved to the trailing edge of the flexible extension as well.
II.B. Structure Model and Solver
The classic cantilever beam vibration equation is used to simulate the flexibility of the tail of the airfoil.
Here, w is the deflection of the beam from the neutral axis, E is Young's Modulus, I is the second moment of inertia, ǫ is the linear mass density, and f is the force per unit length applied normal to the neutral axis. It was assumed that the head of the beam was rigidly attached to the trailing edge of the airfoil and the end of the beam was free. The inertial loads due to the pitching and plunging motion of the airfoil are represented as an addition to the forcing function on the right hand side of the equation. The deflection of the beam can be expressed in terms of N modal shapes as:
where T n (t) is the generalized solution and W n (x) is the modal shape. The modal shapes can be solved analytically using separation of variables and the given the assumed boundary conditions. The resulting n th modal shape is:
with β n being the n th eigenvalue.
II.B.1. Integration of Generalized Function
With the known modal shapes, the generalized function can be extracted from equation (1):
Since the aerodynamic forcing is unknown until it is computed by the unsteady-panel solver, the generalized function must be solved numerically. Based on Liu, et al. 7 the numerical integration of equation (5) can be simplified by converting the equation into a system of first order ODEs.
with the assumption that:
Equation (6) can be diagonalized and decoupled into:
with,
where P −1 is the diagonalization matrix:
Equations (8) and (9) can now be numerically integrated in time using a second-order fully implicit scheme:
The forcing function is the coupling mechanism that binds the structural model to the fluid dynamic model. In order to couple the two models accurately, both the flow around the airfoil and the deflection of the airfoil must be solved simultaneously. To facilitate this feat, a pseudo time t * is introduced to equations (12) and (13), which are recast as
where
The pseudo time representation of the generalized function can be solved using explicit time-marching techniques such as the classic four-stage Runge-Kutta methods. The steady-state solution to equations (16) and (17) 
III. Results and Discussion
With the computational methods described above, tests were done on NACA0012 airfoil with a flat-plate extension such that the total chord of the airfoil with the tailing edge extension is 1.25 times the original chord length. The interface between the NACA0012 airfoil and the flat plate is smoothed using a 2 nd order bezier curve to minimize the discontinuities in the geometry. The resulting airfoil is shown below: The flexibility of the airfoil and the computation of structural deformation is only applied to the region of the airfoil beyond the chord length of the original airfoil, or wherever x > 1. The flexibility of the trailing edge is varied by changing the ratio of ξ = EI ǫ . With these conditions, three test cases were conducted with varying trailing edge flexibility along with an unaltered NACA0012 airfoil. They are qualitatively described as:
For each case, the freestream flow is horizontal with the airfoil placed in a pure plunging motion as per the sinusoidal function:
In each instance, the plunging motion has a maximum amplitude of h a = 0.018 and a reduced frequency of κ = 4.3.
III.A. Propulsion for Airfoils in Plunging Motion With Flexible Trailing Edge
For each case, the resulting time history of the lift and drag coefficients over two plunging periods are ploted in Figure 2 . It should be noted here that the length scale of the coefficients for all cases are based on the chord length of the original NACA0012 airfoil without the 1/4 chord trailing edge extension. For the NACA0012 and rigid extension case, the forces are periodic within one period of the plunging motion τ . For the cases with a deforming trailing edge, the forces are approximately periodic over two periods of plunging motion. From the time history of the lift and drag on the airfoil, the time average values of the lift, and thrust coefficients are computed over two plunging periods using the following equations:
where F x are the forces in the x-direction and F y are the forces in the y-direction. The resulting time average lift and thrust coefficients are:
4.258 × 10 The peaks of the lift curve is higher with the trailing edge extension, while the time-average lift remains roughly zero. A significant portion of the increase in peak lift is probably due to the increase in chord length. What is more interesting is that the peaks and time history of the thrust are significantly higher for the cases with a deflecting trailing edge. To explore whether any useful thrust is generated with the flexible trailing edge, an empirical estimate of the viscous drag 1 is subtracted from the time average thrust. For laminar flow, the estimate for the skin friction coefficient is based on the well known Blasius skin friction coefficient for a flat plate:
For turbulent flow, the estimate for skin friction coefficient is:
where the Reynolds Number is defined as:
For each case it was assumed that the flow is either laminar or fully turbulent with the same flow condition as that over a standard NACA0012 airfoil at Re = 50, 000. Under the same flow conditions, the airfoils with the trailing edge extension will have a Reynolds Number of Re x = 1.25xRe. To complete the estimate of useful thrust, the propulsive efficiency of the airfoil is estimated to be the power output in the horizontal direction divided by the power input in the vertical direction.
The power input is estimated in Equation (24), to be the time-averaged of the closed integral of the local vertical forces multiplied by the local vertical velocity of each point along the airfoil. The distinction of local force and velocity is made here because the velocity at each point of the airfoil surface will be a function of both x and t due to the flexibility of the airfoil. The negative sign is place such that power input is defined as positive.
The resulting corrected thrust, and propulsive efficiencies are tabulated below, where C F = 1.25C f for the cases with the trailing edge beam .
description With the corrected thrust, the NACA0012 airfoil and the rigid airfoil no longer produce thrust and so its efficiencies are meaningless. Although the efficiency is quite low, the flexible and the stiff cases produces positive efficiencie even when the viscous drag forces are approximately accounted for. Since the results showed a large difference in propulsive efficiency between the stiff and flexible case, it seems to indicate that the relationship between stiffiness and propulsive efficiency warrants further studies.
III.B. Pressure Contours of Airfoils in Plunging Motion With Flexible Trailing Edge
To explore how the flexible extensions were able to generate thrust more efficiently, the pressure contours at every 1/4 period of the plunging motion for the NACA0012 and rigid case in Figs 3 and 4 , respectively, for one full period. The pressure contours at the same interval are ploted over two periods of the plunging motion for the stiff case in Figs 5 and 6; for the flexible case in Figure 7 and 8.
Each of the pressure contours shows the reason behind the peaks in the thrust at every 1/2 period of plunging motion is the large negative pressure in the leading edge section of the airfoil while the pressure differences near the trailing edge is nearly zero for the NACA0012 case and even positive in the case with the rigid extension. The stiff and flexible tail appear to allow the negative pressure to peak at about 40% greater than the unmodified airfoil and 30% greater than the airfoil with a rigid extension. The moving tail also seem to allow the pressure to increase toward the trailing edge of the airfoil, a condition that should be favorable toward generating thrust.
The key difference between the stiff and the flexible trailing edge appears at locations of minimum thrust. While the increases in peak negative pressure on the windward side of the airfoil remain true for both stiff and flexible airfoils, the large negative pressure on the leeward side of the flexible tail negate any increases in thrust resulting in the favorable pressure in the leading edge. For the stiff airfoil, the pressure contours on the leeward side remains more or less the same shape as the case with the rigid tail and thus its thrust remains positive throughout each period of motion. This effect makes the airfoil with the stiff extension much more efficient at generating thrust than the airfoil with the flexible extension since it provides thrust throughout each period instead of over only a 1/2 period.
III.C. Vortex Wake
The vortex wakes of each of the four cases are plotted in Fig 9. Here each point is a point vortex. The red color denotes the vortex as a positive or counter-clockwise vortex while the the blue color denotes a negative or clockwise vortex. The vortex patterns of each case are consistent with the thrust producing vortex patterns seen in Lai, et al. 6 While
significances of these differences will require further study.
IV. Conclusion and Future Work
Computations based on the unsteady panel method are done on the classic NACA0012 with an extended trailing edge with varying degree of flexibility. The classic cantilever beam equation was used to simulate the deflection of the trailing edge extension. The deflection of the beam was computed using a fully-coupled finite-difference method. The results showed a marked increase in the time average thrust in the cases with a flexible extension. With a flexible tail, with forces approximately periodic for every two period of the plunging motion. The flexible tail seems to provide a general increase in negative pressure in the leading edge of the airfoil that results in larger thrust than the cases with a rigid tail. However, too much flexibility may hinder thrust generation by keeping the pressure low in the trailing edge of the airfoil. Although it takes longer for the vortex patterns to develope with the flexible trailing edge, the vortex pattern for each case appears to be consistent with the thrust generating patters of oscillating airfoils found in other studies.
This study has shown some potential in increasing thrust generation by a simple addition of a short flexible trailing edge to the normal trailing edge of a NACA0012 airfoil. This simple analysis of an airfoil with a flexible trailing edge will be extended toward the study of the relationship between flexibility with thrust and propulsive efficiency, the variation of the flexible region on those parameters, and the physical aspects of the flow over an airfoil with a flexible extension. 
